DIVERGENT TORUS ORBITS IN 
HOMOGENEOUS SPACES OF Q-RANK TWO 



PRALAY CHATTERJEE AND DAVE WITTE MORRIS 

Abstract. Let G be a semisimple algebraic Q-group, let r be an arithmetic 
subgroup of G, and let T be an R-split torus in G. We prove that if there is 
a divergent T R -orbit in r\G R , and Q-rankG < 2, then dimT < Q-rankG. 
This provides a partial answer to a question of G. Tomanov and B. Weiss. 



1. Introduction 

Let G be a semisimple algebraic Q-group, let T be an arithmetic subgroup of G, 
and let T be an R-split torus in G. The T^-orbit of a point Txq in X = T\Gr 
is divergent if the natural orbit map Tr —* X : t i— > Txot is proper. G. Tomanov 
and B. Weiss [TW, p. 389] asked whether it is possible for there to be a divergent 
T R -orbit when dimT > Q-rankG. B. Weiss |W1I Conj. 4. 11 A] conjectured that 
the answer is negative. 

1.1. Conjecture. Let 

• G be a semisimple algebraic group that is defined over Q, 

• r be a subgroup of Gr that is commensurable with G%, 

• T be a connected Lie subgroup of an M-split torus in Gr, and 

• x e Gr. 

If the T -orbit ofTxo is divergent in T\Gr, then dimT < Q-rankG. 

The conjecture easily reduces to the case where G is connected and Q-simple. 
Furthermore, the desired conclusion is obvious if Q-rankG = (because this implies 
that T\Gr is compact), and it is easy to prove if Q-rankG = 1 (sec Our main 
result is that the conjecture is also true in the first interesting case: 

1.2. Theorem. Suppose G, T , T , and xq are as specified in Com. 17771 and assume 
Q-rankG < 2. If the T-orbit ofTxo is divergent in F\Gr, then dimT < Q-rankG. 

For higher Q-ranks, we prove only the upper bound dimT < 2 (Q-rankG) 
fsee 16. 1|) . A result of G. Tomanov and B. Weiss |TW1 Thm. 1.4] asserts that if 
Q-rankG < R-rankG, then dimT < R-rankG. After seeing a preliminary version 
of our work, B. Weiss |W2| has recently proved the conjecture in all cases. 

Geometric reformulation. We remark that, by using the well-known fact that 
fiats in a symmetric space of noncompact type are orbits of R-split tori in its 
isometry group [HJ Prop. 6.1, p. 209], the conjecture and our theorem can also be 
stated in the following geometric terms. 

Suppose X is a symmetric space, with no Euclidean (local) factors. Recall that 
a flat in X is a connected, totally geodesic, flat submanifold of X. Up to isometry, 
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X = G/K, where K is a compact subgroup of a connected, semisimple Lie group 
G with finite center. Then M-rankG has the following geometric interpretation: 

1.3. Fact. R-rankG is the largest natural number r, such that X contains a topo- 
logically closed, simply connected, r -dimensional flat. 

Now let X = T\X be a locally symmetric space modeled on X, and assume that 
X has finite volume. Then Q-rankT is a certain algebraically defined invariant of T. 
It can be characterized by the following geometric property: 

1.4. Proposition. Q-rankT is the smallest natural number r, for which there exists 
collection of finitely many r -dimensional flats in X, such that all of X is within a 
bounded distance of the union of these flats. 

It is clear from this that the Q-rank does not change if X is replaced by a 
finite cover, and that it satisfies Q-rankT < M-rankG. Furthermore, the algebraic 
definition easily implies that if Q-rankT — r, then some finite cover of X contains a 
topologically closed, simply connected flat of dimension r. If Coni. lTTTl is true, then 
there are no such flats of larger dimension. In other words, Q-rank should have the 
following geometric interpretation, analogous to i|1.3fl : 

1.5. Conjecture. Q-rankT is the largest natural number r, such that some finite 
cover of X contains a topologically closed, simply connected, r -dimensional flat. 

More precisely, Coni ll.ll is equivalent to the assertion that Q-rankT is the largest 
natural number r, such that X contains a topologically closed, simply connected, 
r-dimensional flat F, for which the composition F > X — > X is a proper map. 

1.6. Acknowledgments. The authors would like to thank Kevin Whyte for helpful 
discussions related to Prop. l2?2l D. W. M. was partially supported by a grant from 
the National Science Foundation (DMS-0100438). 

2. Example: a proof for Q-rank 1 

To illustrate the ideas in our proof of Thm. 11.21 we sketch a simple proof that 
applies when Q-rank G = 1. (A similar proof appears in [Wll Prop. 4.12].) 

Proof. Suppose G, T, T, and xq are as specified in Coni. H~T1 For convenience, let 
7r: Gr — * T\Gr be the natural covering map. Assume that Q-rank G = 1, that 
dimT = 2, and that the T-orbit of tt(xq) is divergent in T\G. This will lead to a 
contradiction. 

Let Ei = T\Gr. Because Q-rank G = 1, reduction theory (the theory of Siegel 
sets) implies that there exist 

• a compact subset Eq of T\Gr, and 

• a Q-represcntation p: G — > GL„ (for some n), 

such that, for each connected component £ of Gr \ tt~ 1 (Eq), there is a nonzero 
vector v 6 Q™, such that 

(2.1) if Tg n — > oo in T\G R , and {g n } C £, then p{g n )v — > 0. 

(In geometric terms, this is the fact that, because E\ \ Eq consists of disjoint 
"cusps," Gr \ n~ 1 (E ) consists of disjoint "horoballs." ) 

Given e > 0, let Tr be a large circle (1-sphere) in T, centered at the identity 
element. Because the T-orbit of ir(xo) is divergent, we may assume ^(^qTr) is 
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disjoint from Eq. Then, because Tr « S 1 is connected, the set xqTr must be 
contained in a single component of Gr \ 7r _1 (£'o). Thus, there is a vector v G Q™, 
such that \\p(t)v\\ < e\\v\\ for all t G T R . 

Fix some t G Tr. Then t -1 also belongs to Tr, so and ||p(i _1 )v|| are 

both much smaller than ||w||. This is impossible (see 13.2(1 . □ 

The above proof does not apply directly when Q-rankG = 2, because, in this 
case, there are arbitrarily large compact subsets C of T\Gk, such that Gm n 7r _1 (C) 
is connected. Instead of only Eq and E\, we consider a more refined stratification 
Eq C Ei C E2 of T\G. (It is provided by the structure of Siegel sets in Q-rank 
two. The set Eq is compact, and, for i > 1, each component £ of ir~ 1 (Ei \ 
has a corresponding representation p and vector w, such that (|2.1|l holds. Thus, it 
suffices to find a component of either 7r _1 (£'i \ Eq) or 7r _1 (i?2 \ -Ei) that contains 
two antipodal points of Tr. Actually, we replace i?i with a slightly larger set that 
is open, so that we may apply the following property of S 2 : 

2.2. Proposition fsee 13. 111 . Suppose n>2, and that {Vi,V2} is an open cover of 
the n-sphere S n that consists of only 2 sets. Then there is a connected component C 
of some Vi, such that C contains two antipodal points of S n . 

2.3. Remark. In SJU we do not use the notation Eq C Ei C E%. The role of Eq is 
played by tt(QS^), the role of an open set containing E\ is played by n(QS a LlQSfj), 
and the role of E2 \ E\ is played by ir(QS*). 

3. Preliminaries 

The classical Borsuk-Ulam Theorem implies that if / : S n — > M fe is a continuous 
map, and n > k, then there exist two antipodal points x and y of S n , such that 
f{x) — f(y). We use this to prove the following stronger version of Prop. l2~2l 

3.1. Proposition. Suppose V is an open cover of S n , with n > 2, such that no 
point of S n is contained in more than 2 of the sets in V. Then some V G V contains 
two antipodal points of S n . 

Proof. Because S n is compact, we may assume V is finite. Let {(j>v}v£V be a 
partition of unity subordinate to V. This naturally defines a continuous function $ 
from S n to the simplex 



Ay = < (xv)veV 



vev ) 



C [0, 1] 



v 



Vi 

Namely, = (jfiv{ x )) VeV - Om hypothesis on V implies that no more than 

2 components of $(a;) are nonzero, so the image of $ is contained in the 1-skeleton 
Ay 1 -* of Ay- Because S n is simply connected, $ lifts to a map from S n to the 

universal cover Ay^ of Ay 1 ^ . The universal cover is a tree, which can be embedded 
in K 2 , so the Borsuk-Ulam Theorem implies that there exist two antipodal points 
x and y of S n , such that = $(?/)• Thus, there exists V G V, such that 

cf> v (x)=4> v (y)^0. Sox.yeV. □ 

For completeness, we also provide a proof of the following simple observation. 

3.2. Lemma. Let T be any abelian group of diagonalizable n x n real matrices. 
There is a constant e > 0, such that if 
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• v is any vector in M. n , and 

• t is any element of T , 

then either \\tv\\ > e||u|| or \\t~ l v\\ > e||w|j. 

Proof. The elements of T can be simultaneously diagonalized. Thus, after a change 
of basis (which affects norms by only a bounded factor), we may assume that each 
standard basis vector ej is an eigenvector for every element of T. 

Let e = 1/n, write v = (v\, . . . , V n ), and let ij be the eigenvalue of i corresponding 
to the eigenvector e*. Some component Vj of v must be at least \\v \\/n in absolute 
value. We may assume \tj\ > 1, by replacing t with if necessary. Then 

||fv|| = \\(t lVl ,...,t n v n )\\ > \t jVj \ >l-M = e|H|, 
as desired. □ 



4. Properties of Siegel sets 

We present some basic results from reduction theory that follow easily from the 
fundamental work of A. Borel and Harish-Chandra |BH| (see also §13— §15]). 
Most of what we need is essentially contained in [E| §2], but we are working in G, 
rather than in X = G/K. We begin by setting up the standard notation. 

4.1. Notation (cf. L §1]). Let 

• G be a connected, almost simple Q-group, with Q-rankG = 2, 

• G be the identity component of Gr, 

• L be a finite-index subgroup of Gz D G, 

• P be a minimal parabolic Q-subgroup of G, 

• A be a maximal Q-split torus of G, 

• A be the identity component of Ar, and 

• K be a maximal compact subgroup of G. 

We may assume A C P. Then we have a Langlands decomposition P = UMA, 
where U is unipotent and M is reductive. We remark that U and A are connected, 
but M is not connected (because P is not connected). 

4.2. Notation (cf. jL] §1]). The choice of P determines an ordering of the Q-roots 
of G. Because Q-rankG = 2, there are precisely two simple Q-roots a and j3 (so 
the base A is {a,f3}). Then a and (3 are homomorphisms from A to M + . 

Any element g of G can be written in the form g — pak, with p € UM, a G A, 
and k G K. The element a is uniquely determined by g, so we may use this 
decomposition to extend a and (3 to continuous functions a and $ defined on all 
of G: 

a(g) = a(a) if g G UMaK and a G A, 
/3(g) = /3(a) if g G UMaK and a G A. 

4.3. Notation (cf. L, §2]). 

• Fix a subset Q of Gq n G, such that 

Q is a set of representatives of L\(Gq (~l G)/ (Pq D P). 

Note that Q is finite. 

• For r > 0, let A T = { a G A a(a) > t and /3(a) > r }. 
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• For r > and a precompact, open subset ui of UM, let S t ,uj = loA t K. This 
is a Siegel set in G. 

• We fix t > and a precompact, open subset u> of J7M, such that, letting 
S = S T>UJ , we have 

QS is a fundamental set for T in G. 

That is, 

o TQS = G, and 

o {7 € T I 7 Q5npQ5 ^ 0} is finite, for all p € G Q n G. 



P,qeQ, 7 e r, 1 

p5 H 7^5 is noi precompact J 



C Go n G. Note that P 



• Let P = | p 1 7g 

is finite. 

• Fix r > 0, such that, for q £ V, we have 

o if a is bounded on <S PI qS, then a(5 fl qS) < r, and 
o if /3 is bounded on S fl g<S, then /?(<S n qS) < r. 

• Fix any r* > r. 

• Define 

o S* = { x G S I a(x) > r and /?(&) > r }, 

o 5 a = { x € 5 I a(x) < r* }, 

o Sp = {x ES \ f3(x) < r* }, and 

o 5a = s a n Sp. 

Note that {(S*,<S a ,iS^} is an open cover of S (whereas [Lj p. 398] defines 
{S*,S a ,Sf3} to be a partition of 5, so not all sets are open). We have 

g = rQS* u TQS a u rg«s^. 

• For p,q G Q, let 

o P^' 9 = { 7 G r | p5 fl 7^5 is precompact and nonempty }, 
o V^ q — { 7 G r | p5 Q n ^qSa is precompact and nonempty }, 
o T> P p q — { 7 G r | n 7<7<S/3 is precompact and nonempty }, 
o T>^ 9 g — { 7 G r | pS a fl 7g<S^ is precompact and nonempty }, 
and, using an over line to denote the closure of a set, 

S+ = |J (p5n 79 5)U |J (p5 Q n 7g< S a ) 

u (J (p^ n iq s ) u y ( P 5 a n 7 ^). 

Note that Pq' 9 , P^ 9 , P^' 9 , and Pq' 9 are finite (because Q<S is a fundamental 
set), so S~l is compact. And TS^ is closed. 

• For 9 G A, we use P® to denote the corresponding standard parabolic 
Q-subgroup of G corresponding to 0. In particular, P$ = P and Pa = G. 
There is a corresponding Langlands decomposition Pq — U&M&Aq. 

4.4. Lemma. For all 7 G T cmd p,q £ Q, we have: 

(1) p5 Q fl jqSp is precompact, and 

(2) pS a mqSfi CS+. 

Proof. It suffices to prove for then J5J is immediate from the definition of 
(and P^'^)- Thus, let us suppose that pS a fl jqSp is not precompact. This will 
lead to a contradiction. 
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Because a is bounded on S a , but S a PI p l ^qSp is not precompact, we know 
that (3 is unbounded on S a Cip^^^jqSp (and, hence, on S Cip~ 1 '~fqS). Therefore, [Ll 
Prop. 2.3] implies that 

p _1 7g G P Q . 

Similarly (replacing 7 with 7 _1 and interchanging p with g and a with because 
7 _1 p5 a n qSp — 7~ 1 (p5 ce l~l ^qSp) is not precompact, we see that 

q-^^pePp. 

Noting that q~ 1 "f~ 1 p — (p~ 1 jq)~ 1 , we conclude that p~ x jq G P Q Pi P^ = Pg, so [E] 
Lem. 2.4(i)] tells us that p = q and p~ x jq G UM. Therefore 

a(S a Dp^jqSp) C a(S a ) 

and 

P(S a np-^qSp) C Pip-^qSp) C P{UMSp) = j3(Sp) 

are precompact. So 5 a Op 7g<S/3 is precompact, which contradicts our assumption 
that pS a n 7?iS/3 is not precompact. □ 

4.5. Lemma. If 7 G Y and p,q G Q, smc/i i/iai piS* (~l 7<7iS* $Z! >Sj ; i/ien p = q and 
p-^q G (17M) Q . 

Proof. It suffices to show that both a and /3 are unbounded on S P\p~ 1 'jqS, for 
then the desired conclusion is obtained from Lj Prop. 2.3 and Lem. 2.4(i)]. Thus, 
let us suppose (without loss of generality) that 

a is bounded on S P\p~ 1 "fqS. 

This will lead to a contradiction. 

Case 1. Assume (3 is also bounded on SHp^^qS. Then pSD^qS — p(S P\p~ 1 jqS) 
is precompact, so, by definition, pS f] "fqS C S~^. Therefore 

pS* n 7<7<S* Cp5n C . 

This contradicts the hypothesis of the lemma. 

Case 2. Assume /3 is not bounded on S P\p~ 1 jqS. From [E] Lem. 2.5], we see that 
pS n jqS C pS a . Therefore 

pS* n ■yqS* c pS* n pS a = c . 

This contradicts the hypothesis of the lemma. □ 

4.6. Corollary. If x and y are two points in the same connected component of 
TQS* then there exist 70, 7 G T and q G Q, such that x G 7o9<S* ; y G jojqS*, 
and q~ 1 ~iq G {UM)q. 

4.7. Lemma. 

(1) I/7 £ r and p,q e Q, such that pS a (~l 7g5 Q 2! <S^, i/ien p~ x jq G (P q )q. 

(2) For eac/i p, q G Q, f/iere eiisis ft, P)g G (PqJq, suc/i i/iai p _1 r<7 PI (P q )q C 

hp,q(U a M a )Q. 
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Proof. JU Because pS a r\^qS a <£_ we know, from the definition of S\ (and T>% q ) 
that pS a fl 7<7iS a is not precompact. Since a is bounded on 5 a , we conclude that (3 
is not bounded on S a <~}p~ 1 jqS a (and, hence, on S <~}p~ 1 jqS). Then |Lj Prop. 2.3] 
asserts that p~ lf yq G (-Po)q, f° r © = { a } or 0. Because P$ C P Q , we conclude that 
p _1 79 G (-Pq)q- 

101 From Lem. 2.4(h)], we see that the coset (j>~ lr yq)(U a M a )ty does not 
depend on the choice of 7, if we require 7 to be an element of T, such that p~ x ^q G 
(P«)q. □ 

4.8. Corollary. // a; and y are two points in the same connected component of 
TQS a \ r<5>^ ; then there exist 70,7 G T and p,q G Q, such that x G 7op5 Q , 
y G 7o7°'5 ct , and p~ x ^q G h p . q (U a M a )q. 

5. Proof of the Main Theorem 

Let G, r, T and Xo be as described in the hypotheses of Thm. H~2*l and assume 
dimT > 3. (This will lead to a contradiction.) Let Tr be a large sphere (centered 
at the origin) in T. Because 5j is compact and the T-orbit of Txq is divergent in 
T\G, we may assume that 

(5.1) (x T R ) n (TS+) = 0. 

Let 

Vx = { t G T R I x t G TQS* } 

and 

V 2 — {t e T R \ x t G FQiSq U }. 
From Prop. 12.21 we know there exists t G Tr, and a connected component C of 
either Vi or V2, such that t and t^ 1 both belong to C. 

Case 1. Assume C is a component of V\. From Cor. 14.61 we see that there exist 
70, 7 G T and q G Q, such that xot G 7o<7<S*, xot^ 1 G 7070S*, and q~ x jq G (UM)q. 
Because Ta^oi and Txot -1 are near infinity in T\G, we must have 

(1) either a(q~ 1 ^Q 1 Xot) > 1 or j3{q~ 1 ^ 1 x Q t) » 1, and 

(2) either a(q- 1 j- 1 j 1 x t- 1 ) > 1 or f3(q- 1 j~ 1 -f ( ; 1 xot- 1 ) > 1. 

Since q "fq G (C/M)q is sent to the identity element by both a and j3, we have 
0) either a(q- 1 % 1 xot~ 1 ) > 1 or / 9(g -1 7^ 1 xo* -1 ) > 1- 
Let 

• V = /\ d g, where d = dim U, 

• p: G — > GL(V) be the natural adjoint representation of G on V, 

• w u be a nonzero element of Vz in the one-dimensional subspace /\ d u, and 

• v' u = p(xq 1 j q)v u . 

It is important to note that \\v' u \\ is bounded away from 0, independent of the choice 
of q and 70. (There are only finitely many choices of q, so q is not really an issue. 
The key point is that p(q)v u is a Q-element of V, so its Gz-orbit is bounded away 
from 0.) 

On the other hand, for any g e Pj, we have p(g~ 1 )v u = a(g)~ ei $(g)~ l2 v u , for 
some positive integers £\ and £2 (because the sum of the positive Q-roots of G is 
ixot + £2/3). Therefore, from 0) and 10), we see that 
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and 

p(t)v' u = p((? _1 7o ^o* -1 ) -1 )^ « 0. 
This contradicts Lem. 13.21 

Case 2. Assume C is a component of Vi- From Lem. I4.4lffil . we see that xqC 
is contained in either TQS a or TQSp. Assume, without loss of generality, that 
XqC C TQS a . From Cor. 14.81 we see that there exist 70,7 G T and p,q G Q, such 
that 

x t G 7oP<Sq,, xot" 1 G 7o7g5 Q , and p _1 7g G h p ^ q (U a M a )q. 

Let u a be the Lie algebra of Z7 a , and let p Q : G — > GL(V^) be the natural adjoint 
representation of G on 14 = /\ <ic " g, where d a — dimu a . 

We can obtain a contradiction by arguing as in Case^ with the representation p a 
in the place of p. To see this, note that: 

• For a G kera, we have p a (a~ 1 )v Ua — (3(a)~ e v Ua , for some positive integer I. 
Since p a (UM) C p a (U a M a ) fixes i> Uq , and p a {K) is compact, this implies 
that 

• Because Txot and Ta;oi _1 are near infinity in T\G, and a is bounded on 
5a, we must have 

GJ /^P^TcTW) > 1 and © ^(g-^-^W -1 ) > 1. 
Therefore, letting v' u — p a {x^ 1 7op)w Uq , we have 

©*) Pa(t -1 )<, « 0. 

Because h p ^ q G P Q normalizes £/ a , we have p a {h Pyq v Ua ) — c p ^ q v Ua , for some 
scalar c Pi9 . Therefore, since (p~ 1 jq)h~ q G (E/qM q )q fixes v Ua , and {c Pi9 }, 
being finite, is bounded away from 0, we have 

<Ef) Pa{t)v' Ua = p a (tXQ 1 70P)«U„ = Pa(t%o 1 70P(P~ l "f<l) fl p,q~ 1 )v Ua = C~ ^ p a (tx^^q) 

This completes the proof of Thm. 11.21 

6. Results for higher Q-rank 
The proof of Thm. H~2l generalizes to establish the following result: 

6.1. Theorem. Suppose G, V , T , and xq are as specified in Conj. and as- 
sume Q-rank G > 1. If the T -orbit of Txq is divergent in F\Gr, then dimT < 
2(Q-rankG) - 1. 

Sketch of proof . As in [L] §1 and §2], let A be the set of simple Q- roots, construct a 
fundamental set QS, define the finite set T>, and choose r > 0, such that, for q G T> 
and a G A, we have 

if a is bounded on S H qS, then a(S fl qS) < r. 

Fix any r* > r. For each subset of A, let 

Sq = { x G S I a(x) < r* , Va G } and Sq = { x G 5 | a(a;) < r, Va GO}, 
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and choose h® q such that p 1 Tq fl (-Po)q C q {U@M@)q for p,q £ Q. Set d = 
Q-rank G, and, for i = 0, . . . , d, let 

E t = \J 5 e and £r = |J 5 e . 

e c a e c a 

#e = i #e = * 

Then {Ex,E% % Ef , • • • , \ E d l 1 , } is an open cover of r\G. 
For p,q £ Q and 81, 6 2 C A, let 

T^qI e 2 — { 7 G r I P^Oi H jqSs 2 is precompact and nonempty }. 

Define 

5a = |J (p<5 Ql n7g5 02 ). 
01, 82 C A, 

Suppose dimT > 2d. Then we may choose a large (2d — l)-sphere Tr in T. 
Prop. 16.21 below implies that there exists t £ Tr and a component C of some 
Ei \ Sjlj, such that x$t and ccoi -1 belong to C. If Tr is chosen large enough that 
XqTr is disjoint from TS^, then there exist 8 C A (with #6 = i), 70,7 G T, and 
p,q £ Q, such that £ £ G loP$e, x t~ x £ -yoiq$e, and p~ x ^q £ h® q (U@Me)q. We 
obtain a contradiction as in Case ^ of [JS] using ue in the place of u. □ 

The following result is obtained from the proof of Prop. 13.11 by using the fact 
that any simplicial complex of dimension d — 1 can be embedded in R 2d_1 . 

6.2. Proposition. Suppose n > 2d— I, and that {Vi, V2, . . . , V4} is an open cover of 
the n-sphere S n that consists of only d sets. Then there is a connected component C 
of some Vi , such that C contains two antipodal points of S n . 

6.3. Remark. For fc > 1, it is known 001 that there exist a simplicial complex T, k 
of dimension k and a continuous map /: S 21 '^ 1 — > E , such that no two antipodal 
points of S 2k ^ 1 map to the same point of £ . This implies that the constant 2d — 1 
in Prop. IB~^1 cannot be improved to 2d — 3. 

6.4. Remark. If Q-rank G = 2, then the conclusion of Thm. H~2l is stronger than 
that of Thm. I6~T1 The improved bound in (|1.2|l results from the fact that if d = 2, 
then the universal cover of any (d — l)-dimensional simplicial complex embeds in 
R 2 = R 2d ~ 2 . (See the proof of Prop. l3~D ) When d > 2, there are examples of 
(simply connected) (d — l)-dimensional simplicial complexes that embed only in 
R 2d -\ not R 2d ~ 2 . 
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